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Abstract. In the adiabatic approximation the connection of the Berry phase with the quasi-
classical trajectory-coherent states of the Schrodinger-type equation (with the arbitrary
scalar #-(pseudo) differential operator) and the Dirac equation in the external periodic
electromagnetic field is studied.

1. Introduction

A traditional problem in the physical literature on the correspondence between the
results of classical and quantum mechanics has attracted attention again, due to the
discovery of a new quantum effect known as Berry’s adiabatic phase [1]. The essence
of this phenomenon consists of the following. Let a system undergo an adiabatic evolu-
tion by means of a quantum Hamiltonian depending on time by a set of T-periodic
functions R(#)=(Ry(f), ..., Rx{f)). If the system was prepared in some discrete non-
degenerate eigenstate D,(R(0)) with the energy E,(R(0)) at the initial moment ¢=0,
then the wavefunction of the system W,(T) will coincide with @,(R(0)) up to a phase
factor, so that

. r
Yn(T)=exp(iy.(C)) exp( - é j di EH(R(t)))(Dn(R(O)) (L.1)
i}
where
N a
Yn(C)=— i{; <¢H(R) b —-¢n(R)> dR;. (1.2)
foy Jj=1 (?R,

Here C is a closed curve in parametric space (R, ..., Ry) round which the system is
transferred. Hence, in addition to the standard dynamical phase — # ' _[ E di, the wave
function acquires a new phase term y,(C)}—the Berry phase—which is only determined
by the set of quantum numbers # associated with the eigenstate @,(R) and by the
counter C.

For the quantum systems corresponding to the bounded integrable Hamiltonian
ones, the solution of the problem in the quasi-classical approximation for the Berry
phase y, is as follows [2]. In this case the system, as a rule, admits a d-parametric
family of invariant d tori A” (where d is the dimension of the configuration space).
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6268 A Yu Trifonov and A A Yevseyevich

From this family, the tori giving rise to the quasi-classical spectral series [@,, E,} are
chosen by means of the Bohr-Sommerfeld-Maslov quantization conditions

l
Py i {p,dg>=(n;t+q;) (1.3)

where {1} is a basis of one-cycles on A% and a,=ind/; are the Maslov indices. The
explicit form of the quasi-classical eigenstaies @, is given by the Maslov canonical
operator with real phase [3]. Then, taking one of such eigenfunctions @, as an initial
state of the quantum system, Berry showed that at #—0 the relation

O _ s, (1.4)
anj

holds, where A8; are the Hannay angles whose appearance in classical mechanics is
described in [4]. However, one should take into account that the quantization rule (1.3)
is, generally speaking, applied only for sufficiently large quantum numbers #;~0(#™"),
%i—0, j=1,d, and, therefore, the asymptotics @, describe highly excited states of a
quantum system.

Note that the quasi-classical limit of Berry’s phase for integrable quantum systems
was discussed in [5-10].

What is more of interest in the present context is to consider the adiabatic evolution
of a quantum system in the state corresponding to small quantum numbers and to gain
an insight into the corresponding quasi-classical approximation for the Berry phase.
Analysis of the well known exactly solvable problems (e.g. see [11]) shows that small
quantum numbers are also associated with Lagrangian tori, but with a smaller dimen-
sion than that of configuration space. For example, a zero-dimensional torus A’ is a
rest point of the Hamiltonian system, and a one-dimensional torus A' is a closed phase
curve which is orbital stable in the linear approximation. A similar situation exists for
non-integrable Hamiltonian systems as well, when, as a rule, no family of the d-
dimensional Lagrangian tori can be found. Nevertheless, it is often the case that a
non-integrable system possessing a certain set of motion integrals permits tori whose
dimensions are smaller than 4 [12].

The general theory of quantization of small-dimensional Lagrangian tori and con-
structing the corresponding quasi-classical spectral series (the theory of the Maslov
complex germ) was developed in [11, 13, 14] (see also [15] for the Dirac equation). The
key point of this theory consists of reducing the initial problem of constructing asymp-
totic solutions to investigation of the classical mechanics equations describing a Lag-
rangian (to be more precise, isotropic [14]) manifold with a complex germ.

In the present paper we obtain the expression for the Berry phase, generated by the
adiabatic motion of a zero-dimensional Lagrangian torus with a complex germ, by
means of a special class of localized dynamic states (the so-called quasi-classical
trajectory-coherent states [16]). The method proposed makes it possible to consider,
from a single point of view, the quantum systems described by the arbitrary # (pseudo)
differential scalar operators depending on time ¢ by a set of slowly changing T-periodic
functions R(z). The results obtained are extended to the case of the Dirac operator
in external T-periodic electromagnetic fields and illustrated by a particular physical
example.
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2. Quasi-classical speciral series corresponding to zero-dimensional Lagrangian
manifolds A%R)

Let I?(R) = H(—i#d/dq, g, R, #), ge Ry, be a Weyl-ordered # (pseudo) differential sca-
lar operator depending on R=(R,, ..., Ry) real parameters. The main symbol of the
operator H(R) is denoted by s (p, g, R)= H(p, g, R, 0). Consider a spectral problem

(A(R)- E)¥rg, R, H)=0. (2.1)

It is necessary to construct a special class of asymptotic mod O(#*%) solutions of equa-
tion (2.1) corresponding in the quasi-classical limit i—0 to a stationary rest point of
the classical system described by the Hamiltonian function #(p, g, .R). The main ideas
used in constructing such solutions (e.g. see [13]) are as follows.

Let A%(R) = {p=Py(R), 4= Qo(R)} be a rest pointt of the function #(p, g, R), i.e.
the conditions

H(Po(R}), On(R), R)=0 Ho(Po(R), OQo(R), R)=0 (2.2)

are valid. The rest point A’(R) is non-degenerate if the matrix

Hogn —Ji"w)
Jiﬂl’ﬂ '?ﬁ’q

HadR)= ( o

is non-singular. Introduce a 2n-dimensional vector a(t) = (WA(t), Z(£))" and consider
the system in variations

(1) = Har R)a(2). (2.3)

(Here and below a dotted term implies a derivative with respect to ¢.) The non-
degenerate rest point A°(R) is called stable in the linear approximation, if all the
solutions of equation (2.3) are limited at re(—o0, oo}, Then, if the classical system
permits a point of the above type, there exists n linearly independent solutions
ai(t), k=1, n of equation (2.3) such that}

{ax, &} =216y, {ae,a;} =0 ki=1n (24)
where
ar(y=exp(iQ(R)a,(R) Im O (R)=0. (2.5)

In other words, a set of number Q,(R) and vectors ax(R) =( Wi(R), Zi(R))" obey the
system

Has(R)ar( R) =i R)ar(R). (2.6)

A complex n-dimensional plane spanned by the vectors a,(R) is a complex germ at the
point A°(R) and is denoted by "(A°(R)).

T The rest point A° is also called a zero-dimensional Lagrangian torus.
1 Here and below the curly bracket {, , .} denotes the antisymmetric inner product.
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The vectors a,(R) and #,(R) of the complex germ are related by the creation and
annihilation operators

BHRY =—= (CE(R)., Ap> ~ (Wi(R), Ag))

VA 2.7

8(R) =—= (CZW(R), 55> — CWu(R), Ag))

/5

where
A - 6

Af= —ifi Eg——Po(R) Ag=g— QxR) (2.8)
are the operators of small deviations from the equilibrium position A% R). The operators
(2.7), owing to relations (2.4), satisfy standard Bose commutation rules

[k, &)= 8u T, &1=14¢ , a71=0 k=T n. (2.9)
Set up square # x n matrices from the vectors .(R) and Z,(R):

B(R)=(W\(R), ..., Wi(R)} C(RY=(Z\(R), ..., Z,(R)}. (2.10)

It follows from equations (2.4) that the matrix C(R) is non-singular. In this way one
may determine the symmetric matrix Q(R)= B(R)C~'(R) with a positive-definite imagi-
nary part: Im Q{R)>0.

Introduce a vacuum state

1 1
0, R>=No(h) ———— (—S ,R) 2.11
where the complex phase S{g, R) has the form

S(g, R)=(Po(R), Agy +3¢Aq, Q(R)Ag) (2.12)

and No(fi)=(zA)™""* is the normalization factor: (0, R|0, R),,=1. Now determine a
set of functions v, R} as a resuit of the action of the creation operators d; (R) on the
vacuum state (2.11):

1
..,v‘VkI

Then the following statement is true {13].

v, Ry= [ —= (@10, R>. (213)

Proposition 2.1. The functions (2.13) are the asymptotic mod O(#*'%) solutions of the
spectral problem (2.1)

[H(R) - ER)]lv, Ry =0(#"%) (2.14)

with the eigenvalues

ER)=Eo(R)+ Y. Qu(R)(vr+}+ 007 (2.15)
=1
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where Ey(R) =3(Py(R), Qu(R)}, R) and form a complete orthonormal set of states
<V" -R! v, R>L2= 6\/\" . (2.16)

The eigenfunctions {v, R) and the eigenvalues E,(R) make up a quasi-classical
spectral series of the operator H(R) corresponding to the zero-dimensional Lagrangian
manifold A°(R).

3. Trajectory-coherent states and adiabatic Berry’s phase

3.1. Statement of the problem
Consider the following evolution equation of the Schrédinger type
[—ifid,+ H(H]¥(q, t, H)=0 (3.1)

where H(t)= H|[ —ifid/éq, q, 1, K), g Ry, is an #i (pseudo) differentiai operator (in gen-
eral, arbitrarily depending on ) with the main symbol #(p, g, )= H{(p, g, ¢, 0). On
the basis of the Maslov complex germ method [13], for equation (3.1) the asymptotic
mod O(#*/?) solutions may be constructed in the form of the wave packets—the quasi-
classical trajectory-coherent states (Tcss) W.(q, ¢, A)=|v, > {e.g. see [16]).

Let r,={p=p(f). g=g(f)} be an arbitrary (but fixed) solution of the canonical
system

B)=-#4p.q, 0 4(t) = p. 9, ). (3.2)

Quantize system (3.2) in the neighbourhood of the trajectory r, by the Maslov complex
germ method. For this purpose consider the system in variations

d(’) = -%var(t)a(t)- (3°3)

obtained as a result of linearizing the Hamiltonian system (3.2) in a small domain
around r,. Let a.(!) = (Wu(t), Zu(£))T, k=1, n, be a set of n lineatly independent complex
solutions of equation (3.3) obeying conditions (2.4)1.

Like in the previous section, we obtain complex nXr matrices B(f)=
(WD), ..., WD) and C(5)y=(Z\(1), ..., Z,(1)) from the components of the vectors
@it), where det C(#}#0. For each trajectory r, there is the vacuum TCS

|0, £> = No(#} exp {é S(g, I)} (3.4)

1
Jdet C(D)

with the complex phase
S(g, 1) = j dt(<p(D, 4(1)> — # (D) +{p(1), Ag> +i{Aq, QDA  (3.5)
[+

where No(F) = (z#)™"*, O(2) = B(£)C~'(¢) and Ag=g— g(¢). By introducing the opera-
tor Ap= —ifid/dq — p(t), by analogy with equation (2.7), we may construct the creation
& (7) and annihilation 4,(7) operators satisfying, as one can easily see, the same commu-
tation rules as in equation (2.9). It is not difficult at all to see the validity of the

T In this case at each fixed f the n-dimensional complex plane spanned by the vectors ,(#) forms the complex
germ at r,.
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conditions 4,(1)|0, £)=0, k=1, n. By means of the creation operators d; () construct
a set of the Tcs:

v, 5= T1 —= (@)™0, 15 (3.6)
kel Vk!

The following results are justified.
Proposition 3.1. Functions (3.6) are the asymptotic mod O(#*?) solutions of equation
(3.1), and at each fixed ¢ they form a complete orthonormal set:

<Vra [I v, t>1’.z = 5vv' . (37)

It should be noted that from the condition Im S(g, £) >0 follows the localization of
states (3.6) in the neighbourhood of the classical trajectory g=g(f)—the projection of
r; onto Ry,

Followmg Berry, we now consider the quantum Hamiltonian H(y=H(R(1))
depending on ¢ through a set of slowly changing T-periodic  functions
{Ry(?), ..., Ru(t)}=R(7). Denote the main symbol of the operator H(R(D)) by
H(p,q, R()). For the Hamiltonian system (3.2) corresponding to the function
H(p, g, R(r)) at the initial moment of time /, we take

plto)=Po(Rq) g(t0) = Qo( Ro) (3.8

where A®(Ro) = (Po(Ro), QolRo)), Ro= R(1o), is a stationary, in the linear approximation,
rest point of the function #°(p, ¢, Ro). In its turn, for the system in variations (3.3), as
initial conditions we choose the set of vectors

ar(fa) = a{Ro) k=1,n (3.9

satisfying conditions (2.4) and (2.6), and forming the complex germ r"(A°(R)) at the
point A°(R,). Thus, the Cauchy data (3.8) and (3.9) define the geometrical object
[AP(Ry), ¥"(AP(Ro})}—a zero-dimensional Lagrangian manifold with complex germ to
which, according to the rules (2.13)-(2.15), the quasi-classical spectral series
[E.(Ro), {v, Ro}] of the instantaneous Hamiltonian H(Rg) corresponds.

Let {r,, ¥"(r;)] be a solution of the initial value problem (3.8) and (3.9). By its
quantization by the complex germ method (see eguations (3.4)-(3.6)) we obtain a set
of the quasi-classical TCss |v, ). Comparing the explicit form of the functions |v, >
and | v, Ry), one may make sure of the validity of the equality

1V, Dli=w=1v, Ro). (3.10)

Hence it follows that at each fixed v the function | v, ¢} (equation (3.6)) is the approxi-
mate mod O(#*%) solution of the Cauchy problem (3,10} provided equations (3.8) and
(3.9) are valid.

Let us study the Cauchy problem (3.10) in the adiabatic approximation. The solution
will be carried out on the assumpnon that the quasi-classical spectrum (2.14) of the
instantaneous Hamiltonian H(R(f)) is non- -degenerate for all the values of &.

3.2, Adiabatic evolution of a clussical system

In this subsection the adiabatic solutions of the Hamiltonian system (3.2) with the
Hamiltonian function #(p, ¢, R{#)) and the sysiem in variations (3.3) corresponding
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to it will be constructed under the adiabatic change of the vector R(¢) in the space of
the parameters (R, ..., Ry). The solution will be made in terms of the formal asymp-
totic power series in a (small) adiabatic parameter 7™' (e.g. see [17, 18] where the
evolution time T (the period of R(¢)) is assumed to be rather large}. Define a ‘slow
time’ variable s by s=¢/T and put

R(5)=R(8)]1=s7- (.11

We start by considering the Hamiltonian system (3.2) whose solution

¥ =(pm)
D0

will be examined as
X(r)=%(s)+1Ti'(s, 8)+0(T7) (3.12)

where 8= (T®(s), . .., Td,(s5)) is a set of ‘rapid’ variables in which the real functions
®,(s), k=1, 1, do not depend on T and are to be determined. Calculating the derivative
with respect to ¢ by the formula 8,=(1/T)d,+ ®(5)}ds and denoting by a prime the
derivative with respect to s, we obtain

("9%(5)
Hy(s)

L Lok, -
T

1 ! 2
= )+?3ﬁar(s)X+O(T ) (3.13)

where

‘;ﬁr(s) = ‘;ﬁ?(p: 4 ﬁ(£))|p=§(s)
g=g(s}
ete. Whence, to zero order we have

A pis), 4(s), R(s))=0 A D(s), 4(s), R(s))=0. (3.14)
Thus, the vector
0
0 p(s))
X = 0
) (q(s)

describes the stationary point A°(R(s)) of the function #(p, ¢, R(s)) at each fixed value
of 5, which, according to the above, implies

D)= Po(R(s5)) = Po(R(2))
G(s) = Oo(R(5)) = Oo(R(D)).

Further, frona equations (3.13) and (3.8) in the first approximation the equation for
the function X{s, #) is

(3.15)

') a%hm(s)if—%'(s) 3.16)

1 It is assumed that the all asymptatics when the Planck constant goes to zero will be true in the adiabatic
approximation at T—co.
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with the initial condition X (s, 0)];=5=0, where s,=1ro/T. Let us assume that
X(s, 0)= 3 {Culs, 0)fu(s) + Culs, 0)Jils)} (3.17)
k=1

where fu(s) = ax(R(5)) are the eigenvectors of the instantaneous matrix ,.(s),

Hoael()J1(8) = IU(R(9)) ful5) T Qu(R(5)) =0 (3.18)

obeying the relations (2.4). Inserting (3.17) into (3.16) and allowing for the solution
obtained to be 2z-periodic with respect to all the rapid variables 8.f leads to the
functions

i (s) = j Qu(R(s)) ds (3.19)

and the coefficients

1

0 07 30R)

{}'k{s), X "(5)} +5 Bils) exp(iy). (3.20)

Here, B,(s) are the integration constants which depend on 5 as a parameter so that the
initial condition Cy(s, 8)|;-5,=0 is fulfilled. (Their explicit form can be found from the
following approximation.) As a result we obtain the solution of equation (3.16) in the
form

1 " o
ks, 0) =(‘Z E‘; g;)= Re [ T A (ﬁ;iflz—m_) i), X))+ Buls) exp(iek))] (3.21)

Thus, allowing for equations (3.15) and (3.21) function (3.22) is the approximate mod
O(T~?) solution of equation (3.2) describing the adiabatic evolution of the classical
systern.

Now we proceed 1o construction of the approximate mod O(T %) solutions of the
system in variations (3.3}, The solution is sought in the form

a0y =8u(s, ek>+~]-Tc‘zk(s,E)+0(T"2) k=T7 (3.22)

where Z=(8), O, Gu), j, L, m=1, n, is a set of rapid variables which, apart from the
old variables 8;, includes new ones 8, = Td;.(s), Gin=TD,,(5). Substituting equations
(3.12) and (3.22) into equation (3.3), we get

1 84, 8, 1 o, o 1 P |
~ =+ OUs) =+ — O(8) —= Hour )i+ = Har(8) i +— Hoarls, Dty +O(T
T s () 0, T () = {(ar T {8)ax T (s, Da, +O(T™)
(3.23)
where
Hohe(5, 0) = CP(5, 0), Hoarpl8)D> +<G(5, 0), Hnrg(s) - (3.24)

¥ This additional condition makes it possible to choose a solution (which is of interest for us) from the
complete integral,
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In the zero-order approximation, in view of eguation (3.19), we obtain the equation
. . 0a
Qu(R(s)) Ea—"=3?m(s)5k (3.25)
k

and its solution is
(s, 61) =£ul8) expli{ O+ A(s)]. (3.26)

The solution (3.26) contains the function .4z(s}, which is indeterminate in this approxi-
mation, but from condition {3.9) it follows that .44(s,)} =0. Next, by allowing for equa-
tion (3.26) from equation (3.23) we have to the order 7"

1
'(s) %% — A5V = expli( 8y + AN Hodels, 6) fi—iH(s) fi—fUs)}- (3.27)

By analogy to equation (3.17) the solution of equation (3.27) is chosen in the form

(s, B)= z {Cils, B) fi(5) + Chis, a)}"", (s)}- (3.28)
I=1

We now set
Ci(s, B)=expli(B+ A4(s))15k(s.0, 04)
Cids, B) =expli(f; + Hi(s)162(5.0, O).

Then from equation (3.27) we obtain the following system of equations which define
the coefficients &} and b.:

# ab} abh . i
Y Qb D K i(Q — Q)b = ~§- (o FL}+ 24880~ (T, Holls, 1))
1

(3.29)

mm 90, 80y
(3.30)
n 1 7 .
2 L 35—*+m féﬂ(nkmaﬁi% {0 f8} = {fis Hotels, ) /i})- (.31)
m=1 m e

The requirement on the 2z periodicity of the functions b}, with respect to all the variables
= is, in this case, equivalent to the validity of the following conditions:

Dri(5) = Di(s) — D (5) (3.32)
and
Hils)= —lrdS{J*’ [i—%“ (ﬁ(S))]f} (3.33)
k 2 ks ds var k(- .

o

Here, #,5.(R(s)) denotes a part of the matrix (3.14) which is independent of the variable
g, i.e.

Hohi(s, 8)=H,L(R(5))+Re ( }3 d,(5) exp(iﬂm)). (3.34)
= [

The same condition imposed on the coefficients 57 leads to the functions ®,:
B (5) =D (5) + D, (5). (3.35)
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By means of formulae (3.32)-(3.35) it is not difficult to get an explicit form of the
functions b}, and B :
(i) Fork=1:

Bi(s, 0)=bi(s) + ¥ 4—£‘2—[{ﬁ,aﬂn<s)fk} exp(0) — Ly sV i) exp(—iB)).  (3.36)

1
(ii) For ks!:
bi(s, 6) = bils) exp(i(8,— 6]

1o (hdf o (T dd DAY )

3.z, (Qm+nk—9,ex‘° 0m) = 0 — ot g, P T10m
--—1—{7’ [E—f‘(ﬁ(s))lf} (3.37)
2(()*_9’) fs dS var k(- -

(iii) For all & and I:

bi(s, 6) = bi(s) exp[ —i(8:+ 0)]
L8 (e} o AR )
4,2, (Q,,,+Q,,+Q,CXP('B"’) 0, -0, -0, P70
+—L‘"’{ff [i—éf" (ﬁ(s))}ﬁc}- (3.38)
2Q+0) U ids T

To define the functions bi(s), bi(s) appearing in equations (3.36)-(3.38) we need the
following order of T™'. Due to equation (3.9) their initial values bj(so) and bi(so) are
found from the conditions 8L(s, &)}s= s =52(s, O)s=5=0.

The following should be noted in conclusion. The assumption on non-degeneration
of the quasi-classical spectrum (2.14) made at the end of section 3.1 implies that no
resonance relations - L =00/, .. ., [, are integers) exist between the frequencies
£y, ...,8,. This condition was mainly used when deriving formulae (3.36)-(3.38).

3.3. Berry’s phase

Now we return to the adiabatic solution of the Cauchy problem {3.10). It follows from
the previous section that:

(i) For the solution of the Hamiltonian system (3.2) which obeys the initial condition
(3.8), according to equations (3.12} and (3.15), we obtain

PO =Po(R()+O(T™)
gty = Qo(R() +O(T ™).

(ii) The solutions of the system in variations (3.3) obeying the initial conditions
(3.9), as follows from equations (3.22), (3.26) and (3.33), have the form

(3.39)

a ()= a(R()) exp (i f dt Q(R(H)) —i j' dt Q,J(R(:)))+0(T" ) (3.40)

fa fo
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where

QIR == {ak(R(t)) ( Jﬂ”m(R(t)))ak(R(t))} (3.41)
The matrix s#.a(R(f)) appearing here was defined in equation (3.34) and, according
to formulae (3.21) and (3.24) may be represented as

HLAR()) =V R, X(RE)) (3.42)
where V= (8/8p, 8/9¢)", and the vector X (R()) is

i
HRO)= 3 oo

By substituting expressions (3.39) and (3.40) into equation (3.6) we obtain after simple
calculations

Re (ak(R(t)) {ak(R(t)), X (R(!))}) (3.43)

v, £>={v, R(1)) exp( -ig J d¢ E,(R(1)) +iﬁ j {Po(R(£)), dQo(R(2))>

+i Z tdt Q;!(R(t))(vk+é))+0(T"). (3.44)

k=14,

Whence it follows that, if a quantum system at an initial moment of time =1, is in its
eigenstate v, R,> corresponding to the energy level E,(R;), then, during the time T
with the adiabatic change of the vector R(f), where R(t+ T)=R(?), a system returns
to its initial state by acquiring an additional phase. By comparing (3.44) and {1.1) we
obtain for the Berry phase

T w [T
7u(T) =%J (Po(R(D), dQ(ROD+ T | A2 QU(RD)(vetD). (3.45)
o

k=1J,
To emphasize a purely geometrical meaning of phase (3.45) we rewrite it as follows:

8Qu(R)

1
?V(T)=TV(C):£§ <Po(R) R,

>de+ 'i'. § {&R), 7 PR} v +3) dR,
k=1
< (3.46)

where, due to formulae (3.41)-(3.43)

o1 8a(R) 12 1 [ ( { aX(R) })]
T "(R) 3 7R, 22,1 a® Rel (VH#u(R), & (R)) {5 (R), —— R 2. (R).
(3.47)

Here Cis a circuit round which the end of the vector R(¢), 1[0, T'], moves in the space
of parameters (Ry, ..., Ry).

As may be inferred from equations (3.46) and (3.47) the Berry adiabatic phase
¥u(C) is completely defined by the two following (caused by the classical motion)
geometrical functions:

(i) The trajectory A°(R)=(Ps(R), Qo(R)), ReC, consisting of stable (in the linear
approximation) rest points of the Hamiltonian system.
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(ii) The complex germ r"(A“(R)),I_?e C, consisting of » linearly independent eigen-
vectors ar(R), k=1, n, of the matrix #.(R) and normalized by condition (2.4).

4. Berry’s phase for a generalized harmonic oscillator

We shall illustrate the results obtained above by the classical example of a one-
dimensional generalized harmonic oscillator described by the Hamilionian

H(ty=3[n(OF + o () + p(tW pg+ )] (4.1)

where R=(u, o, p) are the parameters specifying the adiabatic evolution of the quan-
tum systern. The corresponding classical Hamiltonian is

H#(p, g, R(t)) =3(u()p* + o () + 2p()pq). (4.2)

At p*# po, function (4.2) has only the rest point A®=(P;=0, Qo =0). The require-
ment for the point A° to be stationary in the linear approximation results in an addi-
tional condition g <po. In this case the spectral problem for the matrix #,{R)
permits the following solution:

1 (—p +iQ(R))
+ HU(R) K

where Q(R) ={/uo — p% { =sgn g, and {a(R), H(R)} =2i. But then for the Berry phase
according to equations (3.46) and (3.47) we obtain the value

da(R)
WCY=5(v+3 jg{(ﬁ }dR (v+3 j{; m.d

coinciding with the result of [2]. A similar method of deriving formula (4.4), but based
on the correlated coherent states was proposed in [19].

alR) = (4.3)

{4.4)

5. Berry’s adiabatic phase for the Dirac wavefunction

Now consider the Hamiltonian
Ho(R)y=clat, P>+ pamc*+ edg (5.1)

describing a Dirac particle in an electromagnetic field with potential A¢(x, R), A(x, R)
depending on N parameters (R, ..., Ry)=R. Here P=j—(e/c)A(x, R), p= —ifd,
are the kinetic and generalized momenta operators, ¢e=—e, is the electron charge, and
a=p L, p; are the Dirac matrices in the standard representation, The symbol of the
operator (5.1) is the Hermitian matrix of the form #p{p, x, R)=c{a, P> + pymc* + ey,
where P=p—(e/c)A. The spectral problem for the matrix #p,

Hplle =A™, (5.2)
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has the following solution {20]:

A9(p, %, Ry=edo(x, R) & e= (P +mPcty'? (5.3)
I 1+ y_l)
1-'['1' s by R =—
(p, %, R)) T +?—1)( of o

U (p,x, R))=—“1—_( i -1 )
V2 +Hy YA+

where o= (01, 02, 03) are the Pauli matrices, f=(c/£)P, ™' =(1 ~§#)'7%. Matrices
(5.4) satisfy the orthonormality and completeness relations: I, Iy =6, ., X, TI, I, =
1, {==1. Let the function A*’(p, x, R) possess at each fixed R a stationary, in the
linear approximation, rest point A%(po(R), xo(R)), then the complex germ r(A°(R))
corresponding to it is formed by the vectors (2.4)-(2.6).

Denote the magnitude of the magnetic field at the point x=x,(R) by H(R) and
consider the following two-component spinor problem:

(o, B(RY>0:(R) = (R)v(R) (5.5)
where B(R) = (eo/2mc)H(R) is the ‘polarization’ vector at the rest point. Assuming
H(R)/|H(R)}|=(sin @ cos ¢, sin # sin ¢, cos &) it is not difficult to obtain a general
solution of equation (5.5). Really, Q. (R)={|#R(7)| are the eigenvalues with the
gigenvectors

_1 §,/1+§c036e""”2) _
bAR) ﬁ( g o =41 (5.6)

obeying the orthonormality and completeness relations: by, v, =8, ;, E; vy, =1.

Now we introduce the following: .

(i) The Weyl-ordered # pseudodifferential operator A*(R)=2"( 5, x, R) with the
Hamiltonian function A¥(p, x, R), and construct the quasi-classical spectral series
[E.(R), |v, R)] corresponding to the rest point AP(R) for it (see section 2).

(ii) The operator Qw(R), k=1, 2, defined as

#’2Qk(x)=—§<a, 5P(R)) (5.7)

where §“P(R) implies the kth term in the Taylor power expansion over the operators
Ap=p—po(R), Ax=x—xo(R) in the neighbourhood of A°(R).

(ili) The matrices T1,(R)=Tl(p, x, R)|aory which, due to the condition S(R)=
(1/c)x(R)=0, are likely to be equal to

=L E2x2 =‘_1_ Ozxg)
TR \/i(ozx) -t ﬁ(—szz' =

Then, the following statement is true.

Proposition 5.1, If
E, [(R)=E(R)+ H#Q(R) + O(#*) (5.9)
then the functions
1 2 P
¥, mix, ) =(n+(R)+mn_(R) ¥ fz"”Qk(R))v;(R)lv, R> (5.10)
k=1
localized in the neighbourhood of A°(R) are the asymptotic mod O(#"?) eigenfunctions
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of the operator Hp(R),
[Ho(R) ~ By f(R)¥'E, o, 1) = O ) (5.11)
and form with an accuracy O(%'"?) a complete orthonormal set of states

F¥ew, ¥erp= f d'x !}}EN}PEN: Syn+ O, {5.12)

The sequence [E,;(R), ¥, (R)] introduced in this way is the quasi-classical
spectral series of the Dirac operator Hp(R) corresponding to the zero-dimensional
Lagrangian torus A°(R).

Now we turn to the discussion of the case when the Dirac operator HD(R(t)) (5.1)
depends on N slowly changing T-periodic functions of time (R;(?), . . ., Rn(£)) = R(1).
It is necessary to construct the approximate mod O(#*?) solution of the equation

[~i%8,+ Ap(R(N)¥plx, t, )= O(#*"?) (5.13)
obeying the initial condition
Yolx, t, B)|imn="YE,ra(, ) (5.14)

where on the right-hand side of equation (5.14) one of the asymptotic eigenfunctions
(5.10) of the instantaneous Hamiltonian Hyp(Ky) = Hp(R(f)} is chosen

The solution of this problem is expressed by means of the following:

(i) The phase trajectory r,= {p=p(1), x=x(t)}—the solution of the Hamiltonian
system (3.2) with the Hamiltonian A*(p, x, R(¢)) which satisfies the initial condition
ri(t=to) = A°(Ro} = (po(Ro}, Xo(Ro)).

(i) The function |v, {)>—the approximate mod O(#*/%) solution of the Cauchy prob-
lem (3.10) for the equation

[~ 1A, + AT (RN v, 1>=0(#"). (5.15)

(iii} The spinor v.(t)—the solution of the Cauchy problem for the spin-only
equation

(—-ig;+(o-, Q(r)))u;(t)=0 (5.16)
04(1)] 1= 1= 0g(Ro) (5.17)
with the initial spinor v.(R,) (equation (5.6)) and the ‘polarization’ vector
B(R)= H(x, R(t M) 5.18
®=3 ()( & ED" 070 Nemo ¢

where H and E are the magnetic and electric components of an external electromagnetic
field.

{iv) The operators Qk(t), k=1, 2, by setting

Bene 2 (o N SEEPOY 4 )
QI(Z)_ﬁ(<o‘: x) (.‘2(1+;V_1) <0',6P(t)> (519)
. 22 .
&, 8" P(DSO(D). (5.20)

- ﬁs(:)
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Here 6*P(1), k=1, 2, denotes the kth term in the Taylor power expansion over the
operators Aj=p— p(¢) and Ax=x—x(¢) in the neighbourhood of the trajectory r,.
Then, as follows from the results of {20], the function

2 -~

¥p, (. 1, ﬁ)={ﬂ+(r)+-2—i5fif(t) v ﬁ"”Qk(i):lv;(t)iv, 0 (5.21)
k=1

is the asymptotic mod O(#"?) solution of the Cauchy problem (5.13) and (5.14).

Now we obtain the asymptotic expansion of the state (5.21) in terms of the small
parameter T~' (with an accuracy O(T')), allowing for the adiabatic change of the
vector R(f). As in the scalar case, we assume that the Dirac operator Hp(R()) has the
non-degenerate quasi-classical energy specirum at each fixed ¢,

First of all, making use of the asymptotic formulae (3.39) it is easy to verify that
the expression enclosed in the brackets in equation (5.21) with an accuracy to O(T™")
coincides with the corresponding one of equation (5.16). Since the formula describing
the adiabatic evolution of the state |v, #) was obtained by us earlier (see equation
(3.44)), the task of constructing the adiabatic approximation for the Dirac function
(5.21) is reduced to deriving the asymptotic in T~ solutions of equation (5.16). We
provide this in the appendix. Ultimately, we arrive at the following resuit:

v:() = v (R()) exp (—i J! di Q(R(1)) +1 Jr di Qg’(R(t))) +O(T™H (5.22)
where
QM (R(£)) =B, (R(2)) (i %- {a, B' (R(I))>)v;( R(1)). (5.23)

Here, the vector &'(R(f)) is equal to

.@'(R(t))=%[-% L)

3

L oar )

[1]
Re{ <V HCR ), autrny {acan, FEQ)|

(5.24)

Whence, in view of equations (3.44) and (5.22), we have

‘I—‘Dv_‘(x, f, ﬁ) = "PE,_‘(R(,)}(X, ﬁ) exp(-"%'[ dr EV’C(.R(I)) +}1i“J- <po(R(t)), .fo(R(t))> dt

[

+i )3: . ldt QHRO)(v+D +J'd: ﬂ;(R(:)))JrO(T") (5.25)

k=1 vy ]

where E, ((R(?)) is the quasi-classical energy level (5.9) of the instantaneous Hamil-
tonian Hp(R(¢)) corresponding to the eigenfunctions ¥, cren(x, ) (equation (5.10)).
If we denote now

(€)= f b (R)T:P(R) dR, (5.26)
c
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where
oy Ry =; 268 | [t dxo(R)
7= R ch dR; *E(R)
7, X R
-3 o Re(<v ACR) ak(R»{ (), = )})}J;(R) (5.27)

then by comparing equations (1.1} and (5.25), in conjunction with (3.46) and (5.26),
we immediately obtain the expression for the Berry phase:

Yo C)=y(C) +7(C). (5.28)

So, in the quasi-classical trajectory-coherent approximation we have the following.
During the process of the adiabatic evolution along a closed curve C in parameter space
the Dirac wavefunction ¥p acquires the Berry phase, which consists of two parts.
One of them, v.(C), is induced by the adiabatic motion of the geometrical object
[A%(R), F(A™(R))], ReC, and is determined by the scalar part of ¥p, i.e. the function
|v, 1. The second term, y,(C), is due to the adiabatic transport of the spinor v,(R)
around C and is associated with the spinor part of ¥p.

6. Berry’s phase of the Dirac particle in the external periodic electromagnetic field

Let the electromagnetic field be given by the potentials
Ao =1u(n)r A()=zH(1) %¥ (6.1)

where r is the radius vector, and u(z) <0, H{?) is a set of arbitrary T-periodic functions
specifying the adiabatic evolution of the quantum system. Thus, in this case an instanta-
neous state of the quantum system is characterized by a set of the parameters R=
(o, H).

For the potentials (6.1) the magnetic component of the electromagnetic field
coincides with the vector H(z), and the electrical field is equal to E(H)=
~(1/2¢)H(¢) x r— p(2)r. The classical motion of an electron is described by the system
of equations

ec
=—p b= —eu(t)r+ Px H(: 6.2
20 p=—eu(1) 00 (&) (6.2)
where P=p—(e/c)A(1), e()=(’P*+ m*c*)'/% From here it follows that only a single
rest point A’=(p,=0, r,=0) is possible.
The set of equations (2.6) defining the eigenvectors a(R)=(W(R), Z(R))" of the
matrix H#,,(R) at the point A° is conveniently written in the form

e _ _e’_.z) a _
2chXH (ep+4m€2H M (6.3)

W= imn:_r+2i HxZ. (6.4
c
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Inserting equation (6.4) into equation (6.3) we get the equation for Z:

e x z= (Qz—ﬁ)z. (6.5)
[ m

In terms of the spherical polar representation H={r sin & cos ¢, #sin 9 sin @, ¥ cos §)
the solutions of equations (6.3)-(6.5) have the form

i/mQ(R) n(R)

ay(R) = 1 Qi(R) = (ep /m)'* (6.6)

AR
J/mQ(R) (R

1
a,(R)=| 2N(R) =]
N(R)(ro(R) —inny{(R))
Q= — ner/2me+ . fep fm+ & 4m*c? (6.7

where N(R)={(ep/m+er [4m*c®)"', and (., ng, n,) is the spherical orthonormal
frame. Hence, for the Berry phase y.(C) (equation (3.46} (induced by the adiabatic
motion of the complex germ) the expression

7(C)==F n(vy+1) j; (ng(R), dng(R)> (6.8)
7 c

(s(R) -inmp(R))) .

follows. It can also be written as a surface integral by the use of the Stokes theorem
(Z=0C)

Y{C)==Y n(v,+1) [[ {dng(R) A dn(R))
7

Y e*H,dH, ndH,. (6.9)

z
( )” s
=(v_+v
" . 2AH S

Now we look for a ‘spin’ part of the Berry phase y,(C). The eigenvectors of the matrix
6B(R), where in our case Z(R) = (eo/mc)H, due to formula (5.6), have the form

ve(R) ~L (é‘\/m e-im.'z)/z)
g \/5 \/1‘*'5—005_5 ol P(R)/2

Whence, by means of formula {5. 26) we find

yi(C)=—2 H ST ): e H,dH, dH,. (6.11)

tik

¢==l1. (6.10)

r(azw

It follows from equations (6.9) and (6.11) that the overall Berry phase of the Dirac
electron is equal to

H
J’D(C)=7v(c)+7"§(c)=("'-+V+_§) H dzl_ﬁ' (6.12)

L(éE=C)
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The integral on the right-hand side of equation (6.12) is the Gauss integral, which is
equal to the solid angle ©(C) of the circuit C as viewed from the origin A= 0. Therefore,
we finally have

yolCY=(v-+ v, —L/2C). (6.13)

In conclusion, we note that the value yp(C) differs from zero only on the condition
that all the components of the magnetic field H(?) are not equal io zero. In obtaining
equation (6.13) p(?) #£0, since otherwise (see equation {6.6)) the initial assumption of
the non-degeneration of the quasi-classical spectrum (5.9) is violated.
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Appendix

We are going to find the approximation mod Q(72) solution of the Cauchy problem
(5.17). In other words, we need to construct the function u,(t) obeying the equation

(—i %-*' 3 95‘(!)>)v;(t)=0(7"’) (AD)

with the initial data (5.17). To solve this problem we use the method which was applied
by us earlier in section 3.2.

On the classical trajectory x(£)=xo(R(s))+(1/Tx,(s, 8) + O(T™%) (see formulae
(3.12), (3.15) and (3.21)) governing the adiabatic motion of the classical system with
the Hamiitonian function A™"(p, x, R(1)) the polarization vector &(¢) (5.18) admits
the following expansion in the parameter T7':

B ()= B(R(s)) + % RB'(s, ) +O(T™H (A2)
where
BR() =5 H(Rs)) (A3)
(({
and
a2 (s, ) =t [ —~1- d—x{’@l b3 E(ﬁ(.s)) + [<xt(s, ), i>H’(J«:, ﬁ(s))) ]
- 2mel ¢ dt Ox Le o xoc R

(A4)
The solution of equation (Al) is assumed to be an asymptotic series of the form

o)~ 85, 80) + = bls, 8) + 0T (AS)

where E=(0, 8;, 6_;) denotes a set of rapid variables, which, in addition to the vari-
ables @, also contains two new variables 6, = T®,(s), { = 1, corresponding to the spin
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degrees of freedom of an electron. Substifuting equations (A2} and {AS5) into equation
{Al) and equatm g Lhe terms with the same order in 1/T we obtain the equation defining
the functions &, and ¢ vg

- I(Dg(s) + {0, .@(R(s)))v,; (A6)

0

() b at (o RR()) >, =1 a——(a’, B(s, )5, (A7)

After solving the first equation we obtain in the zero approximation (allowing for the
condition of 2x periodicity with respect to the variables §,) that

De(s) =f ds Q:(R(s)) (A8)

Be(s, 0) = vy (R(s)) expl —1(0; + A(s))] (A9)

where the quantities v,(R(s))and .Q¢(R"(s)) are given by equation (5.5). The arbitrary
real functions .#;(s) appearing in equation (A9) satisfy the initial condition .#;(so) =
0 and are to be determined.

We now turn to equation (A7), whose solution will be obtained in the form of an
expansion in terms of the eigenvectors Ug(E(S)), {=1-:

be(s, E) =Y bl(s, EYo,(R(5)) exp[ —i(6; + .#,(5))] (A10)
i

Inserting equation {A10) into equation (Al1} and multiplying the left-hand side by
5;, (R(s)), we obtain (denoting for convenience f; = v.(R(s)))

o6 d
JQE—+(Q — Q)b = “fs(“) d%

S +ify —f;<a B'(s, O F;. (Al1)

After separating the explicit dependence on the variables @ in the vector 8'(s, 6)
{equation (A4)), we rewrite it in the form

3
B'(s, )= R (R()+ T [Bs) exp(i0,) + Bis) exp(—i0)).  (A12)
k=]
To solve equation (All) we consider the following two cases:

(i) Let {=¢". The requirement for the solution to be bounded with respect to all
the variables Z leads to a determination of the functions (s,

H(5) =J ds £, (R(s)), (A13)

where the integrand coincides with equation (5.23). Allowing for equation (A13), the
solution of equation (Al1) takes the form

L + *
bi(s, 0) =b(s) - kZ o, [}LKG , B explifi) —fr (o, Bi(s)) [ exp(—i8:)].  (Al4)

The arbitrary functions b.(s) given here are chosen at the initial moment of time from
the condition (s, 8)l;=5, =0
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(i) Let {’=~¢. In this case by imposing an additional condition of 27 periodicity
of the functions bgC with respect to E, we obtain

bz*(s, E)=by(s) exp(2i6;)
_ i f...c(ﬂ', Qk(‘s‘)>.ﬁ' exp(i@k) _?—g<0‘, 'é}c(‘s)>jl‘:

exp(—if
k=1 Q.- mg Q.+ Zﬂg p( k))

1+ . d =
+ﬁ f~c[“la+<c, Q’(R(S)D]fc (A15)

where the functions 5;(.5) are such that the initial condition 57°(s, E)},=,=0 is held.
Notice that in deriving equation (A15) the assumption that the quasi-classical spectrum
(5.9} is non-degeneration was essentially used. So, the validity of formulae (5.22)-(5.24)
immediately follows from the results given here.
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